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ABSTRACT

We show that a one-to-one bounded linear operator 7" from a separable
Banach space E to a Banach space X is a Gs-embedding if and only if
every T-null tree in Sg has a branch which is a boundedly complete basic
sequence. We then consider the notions of regulators and skipped blocking
decompositions of Banach spaces and show, in a fairly general set up, that
the existence of a regulator is equivalent to that of special skipped blocking
decomposition. As applications, the following results are obtained.

(a) A separable Banach space E has separable dual if and only if every
w*-null tree in Sgx has a branch which is a boundedly complete
basic sequence.

(b) A Banach space E with separable dual has the point of continuity
property if and only if every w-null tree in Sg has a branch which
is a boundedly complete basic sequence.

We also give examples to show that the tree hypothesis in both the
cases above cannot be replaced in general with the assumption that every
normalized w*-null (w-null in (b)) sequence has a subsequence which is a
boundedly complete basic sequence.
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1. Introduction

In [2] Bourgain and Rosenthal introduced the following notion of Gs-embedding.
A bounded linear one-to-one operator T : E — Y from a Banach space E into
a Banach space Y is called a Gs-embedding if the image T'(D) of every norm
closed bounded and separable subset D C FE is a Gs-set in Y. The usefulness of
the notion of Gs-embeddings in Banach space theory was illustrated by many
authors, see, for example, [2], [4]-[9].

We will use standard Banach space theoretic notation (see [12]). For example,
the unit ball and the the unit sphere of a Banach space E will be denoted by
Bpg and Sg respectively.

The following result (which we will use in the paper) was established in [8]
by Ghoussoub and Maurey.

(A) A bounded linear one-to-one operator T : E — Y from a Banach space
FE into a Banach space Y is a Gs-embedding if and only if for any § > 0 and
any d-separated sequence (y,) C Bg, (that is ||y; —y,|| > 6, for i # j), the set
{Ty,}52 is not dense in itself.

Let us note that this characterization of Gs-embeddings, as well as its defi-
nition is of the topological nature. However, it is possible to characterize G-
embeddings in geometrical (in the sense of Banach spaces geometry) terms. For
that we need the following definition [4].

Let T : X — Y be linear bounded operator from a Banach space X into a
Banach space Y. Denote by 3 the set of all finite ordered subsets of the unit
sphere Sx of the space X. A function e7 : ¥ — R7T is called a T-regulator
for boundedly complete basic sequence (T-RBCBS, for short) if every sequence
(xn) C Sx satisfying ||Txp11]| < er({x1,22,...,2,}), is a BCBS.

The following result which is also one of our main tools in this paper, was
proved in [4].

(B) Let T : X — Y be a linear bounded one-to-one operator from a separable
Banach space X into a Banach space Y. Then T is a Gs-embedding if and only
if there is T-RBCBS.

Clearly, (B) implies (see [7] and [9]):

(C) If T: X —Y is a Gs-embedding then any T-null sequence {x,} C Sx,
that is a sequence with the property that lim,, T'x,, = 0, contains a subsequence
which is a BCBS.
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However, this weaker property is not enough to characterize Gs-embeddings
(see Example 4.3 in Section 3).

We now consider a property which is formally intermediate between the ones
described in (B) and (C). First we recall the definition of a tree in a Banach
space.

Let N<¢ denote all non-empty finite ordered subsets of N in its natural partial
order. A tree (z4)aen<e in a Banach space E is a family of elements in F
indexed by N<“. A sequence {z 4, }n>1 is called a branch of the tree if |4;]| = 1,
A, is an initial segment of 4,11 and A, 1 \ 4, is a singleton for any n.

A tree (x4)aen<e C E is called T-null if every node sequence, that is the
sequence (T au{n})nzy, A € NS, is T-null.

Remark 1.1: If (x,,) is a sequence in E, then we can define an obvious tree by
letting 4 = Tmax 4. It is easy to see that the set of all branches of (z4) thus
defined, is the set of all subsequences of (zy,).

Various properties of trees and their branches in Banach spaces were studied
in recent years (see, e.g., [15, 17]).

One of our main results is the following tree characterization of Gs-embed-
dings.

THEOREM 1.2: Let E be a separable Banach space and T : E — X a one-
to-one bounded linear operator from E to a Banach space X. Then T is a
Gs-embedding if and only if every T-null tree in Sg has branch which is a
BCBS.

As we mentioned above the “tree-branch” assumption in this theorem can-
not be replaced by the “sequence-subsequence” assumption (see Example 4.3
below).

Next we consider a more general set up for regulators. Let (P) be a property
which a basic sequence in X may possess. We say (P) is stable if given a basic
sequence {x,} C Sx with (P) and basis constant C, any sequence {y,} C X
with 307 1 [lzn — ynll < 1/(2C), is a basic sequence with (P). For a subspace
I' € X* we denote Br the family of all w-neighbourhoods of the origin in Bx
generated by finite subsets A C T', i.e. the neighbourhoods of the form

Vale)={zx e Bx: |f(z)|<e, f€A}, ACT, >0.
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A map Wp : ¥ — Br from the set of all finite ordered subsets of Sx into Br is
called a I'-regulator of (P)-basic sequences if any normalized sequence {z,,} C X
with

Tni1 € Wp({zi}in,), n=12,...,

is a (P)-basic sequence. For I' = X* we write w-regulator instead of X*-
regulator.

Definition 1.3: Let X be a separable Banach space. For a sequence of sub-
spaces (X,,) of X, with X; N X; = {0}, we denote by X|k,I] the subspace
X ® X1 @ -+ ® X;. A sequence of subspaces (X,,) is called a complete
minimal decomposition (CMD, for short) if the following conditions are sat-
isfied.

() X = [XaJz2,.
(ii) For each n, X, N [X,]mxn = {0}

A CMD (X,,) for X is called a skipped blocking decomposition (SBD,for
short) if every skipped blocking of (X,), that is, for sequences n(k), m(k), such
that n(k) < m(k)+1 < n(k+1), X[n(k),n(k)]3,, is a Schauder decomposition
for [X[n(k), m(k)]].

We call a sequence (z1), zx € X[n(k),m(k)], n(k) < m(k) +1 < n(k+1),
k=1,2,... askipped block sequence with respect to (X,,). A SBD (X,,) is
said to be a (P)-SBD if every skipped block sequence is (P)-basic.

If in a SBD (X%), each X}, is finite dimensional, we call the SBD a skipped

blocking finite dimensional decomposition (SBFDD, for short).

Our next result in Section 2 shows that in a sense the notions of regulator
and SBFDD are equivalent. However, in some cases (e.g., when dealing with
trees) it is more convenient to operate with a regulator.

PROPOSITION 1.4: A separable Banach space E admits a w-regulator of (P)-
basic sequences if and only if it has a (P)-SBFDD.

We now talk about the applications of Theorem 1.2 and Proposition 1.4.
There are two classes of Banach spaces which admit compact Gs-embeddings.
The first is the class of all separable dual spaces. Recall that a one-to-one
linear bounded operator T : E — X from a Banach space FE into a Banach
space X is called a semi-embedding if T'(Bg) is closed in X. It is trivial that
any separable dual admits a compact semi-embedding and a semi-embedding
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defined on a separable space is a Gs-embedding. By using Theorem 1.2 we
prove that for a separable Banach space E the dual E* is separable if and only
if £* has the following property:

(t*) any w*-null tree in Sp~ has a branch which is a BCBS.

The second is the class of separable spaces with the (PC) property. Recall
that a Banach space F has the point of continuity property ((PC)-property,
for short) if for every weakly closed bounded set A C E, the identity map from
(A,w) to (A4, ]|-|]) has a point of continuity. The interrelation of Gs-embeddings
and the (PC) property is contained in the following result (see [8]).

(D) A separable Banach space X has the (PC) property if and only if it admits
a compact Gs-embedding T : X — Y into some Banach space Y.

In fact, Y may be taken to be ¢5. Clearly, if w —lim,z, =0, z, € X, n =
1,2,..., then lim, ||Tz,| = 0.

Note that by combining Theorem 1.2 with (D) we can immediately get that
a Banach space F with separable dual has the (PC)-property if and only if

(t) any w-null tree in Sy has a branch which is a BCBS.

We, however, give a characterization of separable Banach spaces with the
(PC)-property without the restriction that the dual is separable. And here it
is convenient to use regulators and Proposition 1.4.

We note also that Proposition 1.4 combined with (B) and (D) provides an
alternative proof of the following result in [1, §].

(E) A separable Banach space has the (PC) property if and only if it admits
a boundedly complete skipped blocking finite dimensional decomposition.

As mentioned above, for any sequence (x,) in F we can define an obvious
tree by letting 4 = Tmax 4. In [14] the following property of separable infinite-
dimensional dual Banach spaces has been established.

(s*) Any w*-null normalized sequence of functionals has a boundedly com-
plete basic subsequence (BCBS).

In [8], it was shown that in a separable Banach space with the (PC)-property,
the following holds.

(s) Any w-null normalized sequence has a BCBS.

Of course both of the above results follow from the tree characterizations of
spaces with separable duals and (PC)-spaces. However, it is natural to ask if
property (s*) (property (s)) alone characterizes Banach spaces with separable
duals ((PC)-property). In Section 3 we give two examples to show that the in
both the cases (t) and (¢*) cannot be replaced by (s) and (s*). In particular,



32 S. DUTTA AND V. P. FONF Isr. J. Math.

we show that that the (non-separable) dual JT™* of the celebrated (separable)
James Tree space JT', introduced in [13] and later studied by Lindenstrauss and
Stegal in [16], has property (s*). Coming to (s), we prove that the space By
constructed in [8], has property (s). Recall that BZ is separable and Bo, does
not have the (PC)-property.

2. (Gs-embeddings; Regulators and SBFDD
The proof of the following simple lemma is standard and we omit it.

LEMMA 2.1: Let X be a Banach space and I' C X*. Suppose X has a I'-
regulator for (P)-basic sequences. Then every I'-null tree (x4)aem<« in Sx
has a branch which is a (P)-basic sequence.

The following is one of our main results.

THEOREM 2.2: Let E be a separable Banach space andT : E — X a one-to-one
bounded linear operator from E to a Banach space X. The following assertions
are equivalent.

(a) T is a Gs-embedding;

(b) there exists a T-RBCBS;

(¢) every T-null tree in Sg has a branch which is a BCBS.

Proof. (a) < (b) is proved in [4].

(b) = (c) Let e be a T-regulator. Let (x4) be a T-null tree in Sg. Since
(1,n) is a T-null sequence, there exists ny such that |Tz1 | < er({z1}).
Consider now the sequence (1, ,n)n Which is T-null. Hence there exists ng
such that ||[T21 5, n,l| < er({x1, 21,0, }). Continuing, we get the desired branch.

(c)= (a) Suppose to the contrary, T is not a Gs-embedding. By [8, Theo-
rem 1.2], there exists § > 0 and a J-separated sequence (y,) C Bg, (that is
llys — y;ll > 9, for i j) such that (T'y,) is dense in itself.

We first construct 2 trees: (z4)aen<e in Bg and a T-null tree v = (u4) aen<w
in Sg such that

(i) the image (T'z4)qep of each branch (2,)qeg, is dense in itself;
(ii) for any branch {ug, . &, }5°, we have

(1) ||Tuk1 »»»»» ki

(iii) any branch {z,

<27 i=1,2,...;

.....



Vol. 167, 2008 TREE CHARACTERIZATIONS OF G5-EMBEDDINGS 33

(iv) for any branch {zy, ..k }5°; we have

(2) span{y1, 2k, ... k; ic1 = SPAN{Y1, Uk, ... k; bio1-

Denote by |A| the cardinality of the (finite) set A. We define the elements z4
and u4 by the induction on n = |A|. The elements z4 will be chosen from {y;}.

Since (T'y;) is dense in itself, we can find a subsequence (y,,) C (y;) such
that

0 <||Tyr — Tyn, || <6271 k=1,2

g Ly eeen

Put

2k — Y1
Iz =yl
that is, we defined z4 and u4 for |A| = 1. Next assume that we already defined
zp and up for |B] < n, and define z4 and uy for [A] =n+ 1. Write n 4+ 1 =
2l +4,5=0,...,2' — 1. Let B be an initial segment of A with |B| = j. Since
{Ty;} is dense in itself, we can find a subsequence (Y, ) C (¥i), Ym, # 2o, for

Zk = Yny, Uk = k:1,2,...,

every initial segment C of A, and for any k, and such that
0<||T2p — Tym,|| <5271 k=1,2,....
Now, if ¢ is the last element of A we put
ZA — ZB
ZA = Ymyy UA = 77— -
24 — 28|

A straightforward verification shows that (i)—(iv) are satisfied.

By our assumption in (¢), v has a branch 5 = {ug, ...k, }o2; which is a BCBS.

Put

.....

Tn = Uky,....kns Un = Zkq,....kpny = 1725 ey Lo = Y1, Y = ['rn]%o:O'

If o € [2,]22, then {z,,}5°; is a boundedly complete basis of Y. If 2o & [2,]2
then {z, }52 , is a boundedly complete basis of Y. The next part of the arguments
in both cases is the same. So we assume without loss of generality that {x, }22

is a (boundedly complete) basis of Y.
CramM: Ty is a Gs-embedding of Y into X.

We first show how to finish the proof with the help of the Claim, and then
prove it. By (iii) and (iv) {v,} C By is a d-separated sequence. However,
by (i) the image {Tv,} is dense in itself. This is a contradiction to Ty is a
Gs-embedding (see [8, Theorem 1.2]). Thus (c¢) = (a) is proved.
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It remains to prove the claim. Let us introduce a new norm on Y by

n
ol = s { | S| 5= S0 .
n
1

Clearly ||| - ||| is equivalent to the original norm. Denote by V' the unit ball in
the norm ||| - |||. We show that the image TV is closed in X.
Let Tu,, — v where u,, € V. Writing u,, = > a*z;, without loss of

generality, we assume that lim,, a]® = a; for each . It is straightforward to
check that sup,, || Y7 a;2;]| < 1. Since (x,) is BCBS, Y a;z; converges to some
u € V. Given & we choose n such that Y~ | ||Tz;|| < e/16. We then choose m
such that for all i =1,...,n, [a® — a;| < &/(4n||T||). Thus we have,

n

Z (a]" — a;)Tx;

1

o0

Z (ag” — aZ)Tzz

n+1

| T — Tl < ‘ N -

Hence, Ty, — Tu, u € V,v = Tu. Therefore, v € TV. This shows T|y is
a semi-embedding of Y in X and since Y is separable, T is a Gs-embedding.
This proves the claim. The proof of the theorem is complete. |

Our next result shows the equivalence of existence of regulators and that of
special skipped blocking decompositions in a fairly general set up.

PROPOSITION 2.3: Let X be a separable Banach space and (P) some stable
property a basic sequence may possess. The following assertions are equivalent.

(a) There is a separable subspace I' C X* such that X has a I'-regulator Wp
for (P)-basic sequences;
(b) X has a w-regulator Wp for (P)-basic sequences.
(¢) X has a (P)-SBFDD.
Proof. (a) = (b) is trivial.
(b) = (c) For ¢ > 0 and A = {f1, f2,..., fn} a finite subset of Sx-, denote

Vale) ={z € Bx : |fi(z)| <e, i=1,2,...,k}.

Fix a sequence

{en}, 0<en<1/6, k=1,2,..., [J(A+er) <2"% > er <1/4.
k=1 k=1

Let (z,,) C Sx be a dense sequence.
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Put X; = [z1]. We can write X = X; & Ey where Ey = D" for some
finite set D' C Sx-. Let Ty = {2{,23,...,2],} be a e1/2-net in Sx,. For each
i=1,...,71, find §} > 0 and finite subset A} C Sx-, such that

Wp({z}) = Var(§;), i=1,...,j1.
Let Fy C Sx~« be a finite (1 + £1) " !-norming set for Xy, that is,
|| < (1 +e1)sup{f(z): f € A}, =z€ X;.

Now let 2 = ug + v2 where us € X7 and vy € Ey. If v # 0 pick yi € Sx~
with y3(v2) # 0. If vy = 0 just put y5 = 0. Put

Bl<UA11>UD1U{y§}UF1, E’liB;r

Let X5 be a finite dimensional subspace of Ej containing vy such that Ey =
Xo® FEq. Thus X = X1 & Xo @ E;.

Put ny = gmin{e;, 6} 1 i = 1,...,51} and let Tp = {z§,23,...,23} be a
Ne-net in Sx, g x,-

Next for each k, 1 < k < jo, and for each pair (i,k), 1 <i < j1, 1 <k < jo,
find

68 >0, 67, >0,
and finite subsets
A2 C Sx«, A% C Sx-,
such that
We({zi}) = Vaz (62), We{z,2}) = Vaz (6%,).

Let F5 C Sx« be a finite (1 + 52)_1-n0rming set for X1 @ Xo.

Write 23 = u3 +v3 where us € X; ® X, and v3 € Ey. If vz # 0 pick y5 € Sx-
with y3(vs) # 0. If v3 = 0 just put y5 = 0.

Put

By =B U (UA?) U (UAfk) U{yi}UF,, Ey=B,.
i ik

Let X3 be a finite dimensional subspace of F; containing vs such that Fy =
X3® FEp. Thus X = X1 ® Xo @ X3 @ Es.
Proceeding inductively, we construct:
(1) a sequence of finite-dimensional subspaces X C X and decreasing se-
quence of finite-codimensional subspaces E, C X, k = 1,2,..., such
that
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(1) xneXl@"'@Xna En—lzXn-i-l@Ena X:Xl@@Xn@

E, 1, n=12...,
and

(2) an increasing sequence By C Sx~, k = 1,2,..., of finite sets, and a
sequence T), = {zf}i;l C Sx,¢--@x,, n=1,2,..., such that

(i) Ex=B}, k=1,2,..;
(iii) there is a subset F,, C B, which (1 +¢&,)"! norms X; @ --- @

Xn,n=12..;

(iv) for each k < n and each collection (i1, ...,ix),1 <i3 < ji,...,1 <
ix < jk, there exist 6;; ; >0 and finite sets A7, C B, such
that

Vg (00 ) = We({zh,.2h )

T yenyd 215 g

(v) T, is a np-net in Sy, g...¢x, for
1<iy <j1,.., 1 <iig < jg, k<n—1}

From (i) it follows that X, N[X,,]mn = {0}, and X = [X,,]72,. Thus (X,) is a
CMD. Next we need to verify the SBD-condition of Definition 1.3. For simplicity
we consider the case: n(k) = m(k) = 2k, k =1,2,.... The verification for the
general case is similar. So let y; € Sx,,. We need to check that ( k) Is a
(P)-basic sequence. By (v), there exists z2% € Toy, such that [yx — 22%|| < nax,
k=1,2,.... In particular,

3) Z llye — 2551 < 1/4.

Since by (i), Xaxr C Eo,—2 and by (ii), Fag—_o :B;—kﬁ, it follows that f(yx)=0
for each f € Byp_o. Hence

|f(212kk)| < Mok—2, fEBoko, k=1,2,....

In particular,

(4) |f( ) < eop—2, fE Fop2, k=1,2,....
(5) If(zik)|<52’“ 2 feAr? k=1,2,....

i1,eeyi2k—2 Si2k—2)?

We claim that {z%} is a basic sequence with basis constant < 2. Fix a ﬁnite
set of numbers {al}’,;“rl1 and denote S, = >_7_; akz kand S, = Z ,1 akz
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By using (iii) find f € F), with [|S,]| < (14 ¢&,)|f(Sn)|- Next we write

I1Sall < (1 + )l f(Snt1) = Flant12 52| < (14 n)([Sntall + enlantal)

Itn+1

< (M +en)(1Sn+1ll + enlllSntall + [1Sull))-
Therefore,

(1+¢e,)?
<

T _ /1 -\ Sn < n 4 Sn )
ey ISl < A e ISunl

where we used that e, € (0,1/6). Hence {z7*} is a basic sequence with basis
constant C < [[77, (1 +¢e,)* <2.

Next from (iv) and (5) it follows that {z¥} has property (P). Finally from
(3) we conclude that {y;} is a (P)-basic sequence.

(c) = (a) Let (Xx)x>1 be a (P)-SBFDD for X. A standard argument shows
that there is a constant C' > 1 such that every skipped block sequence of
(Xk)k>1 is a (P)-basic sequence with basis constant at most C. Fix e, > 0,
Ser < 1/(20).

We define a regulator Wp ({z;}%_,) for (P)-basic sequences inductively. Start
with £k = 1. Fix x € Sx. Put pp = —1 and find p; and y € S[Xi]£é+2 such
that © = y + z where ||z|| < /2. We take Y1 = [X;]i>p,+2. Then Y; is a finite
codimensional subspace of X. Let A; C Sy be a finite & /4%-net in Syr. We
define

Wp({a1}) = Va, (e1/4).

This defines W on each one point subset of Sx.
Suppose Wp has been defined for all k-point subsets of Sx, £ > 1 and
{z1,z2,..., 41} C Sx such that

WP({xlﬂ T2,... wrk}) = VAk (Ek/4k)7

where Ay, is a finite e /4T 1net in Sy, Vi = [Xi]izpr+2-
If 211 € Wp({x1,22,...,2}) we define

Wp({z1,22,...,2841}) = Wp({@1, 2, ..., 28 }).

If Tp+1 € Wp({xl,xg,...,xk}) then for all f S Ak, |f($k+1)| < Ek/4k.
Since Ay, is a e;/4FT1net in Sy, we can write zp1 = s+t where s € Sy,
and [|t|| < ex/4F. Next we choose pri1 > pr + 2 and ypy1 € Six, e+ such

p+2

that s = yr1 + 2 where ||z|| < ex/4%. Note that ||xr11 — yer1] < ex/2.
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Put Vi1 = [Xi)k>pepi+2- Yet1 is a finite codimensional subspace of X. Let
A1 C Sykil be a finite 5 1/4%+2-net in SYkil' We define

€k
WP({Ilal‘Qw"axk"rl} VAk+1<4kii)

Put I' = clspanlJ, Ay and we check that Wp is a regulator for (P)-basic
sequences. To this end, let (zx) C Sx satisfy zrx11 € Wp({z1,22,...,2%}).
For each k, there exists yi € S[X,]pk » such that ||z — yx|| < ex/2%. Hence

Mllzk —yell < S er/2F < 1/(20). By the construction (y) is a skipped block
sequence of (Xj)k>1, and hence (yi) is a (P)-basic sequence of basis constant
at most C. By the stability of (P) it follows that (xy) is (P)-basic sequence as
well. This completes the proof. |

3. Applications.

The first application of Theorem 2.2 is a characterization of separable dual
spaces among duals of separable spaces. We start with a proposition which is
essentially proved in [4].

ProposiTION 3.1: Let a Banach space E admit a compact semi-embedding
T : E — X which is a Gs-embedding. Then E is isometric to a separable dual
space.

Proof. Let K = T(Bg). Then K is a compact symmetric convex set. Let
Y = Ao(K) be the space of all affine continuous functions on K vanishing at
the origin with sup-norm. A standard argument shows that F is isometric to
Y*. The rest of the proof runs along the lines of the proof of Theorem 3, (2)=
(3), in [4]. The proof is complete. |

THEOREM 3.2: Let E be a separable Banach space. The following assertions
are equivalent.

(a) E* is separable.

(b) There exists a w*-RBCBS for E*.

(c) E* has property (t*).

Proof. (a) < (b) is proved in [4, Theorem 3].
(b) = (c) follows from Lemma 2.1.
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(c) = (a) Let A : {5 — FE be a compact operator with dense range. Denote
T = A*: E* — {5. It is clear that T is a compact semi-embedding and every
normalized T-null tree is w*-null. Therefore from Theorem 2.2, (¢) = (a),
it follows that T is a Gs-embedding of E* into ¢35 (recall that the notion of
Gs-embedding is separably defined). Apply Proposition 3.1 to complete the
proof. |

We now consider (PC)-spaces. The following theorem provides a characteri-
zation of separable Banach spaces with the (PC) property in terms of the trees
in the unit sphere. This also provides an alternative proof of the result (E)
from the introduction.

THEOREM 3.3: Let E be a separable Banach space. The following assertions
are equivalent.

(a) E has the (PC)-property.

(b) There exists a separable subspace I' C E* such that E has a Wr-RBCBS.
(c) E has a BCSBFDD (Xj)g>1-

(d) There exists a separable subspace I' C E* such that every I'-null tree in Sg
has a branch which is BCBS.

Proof. (a) < (b) is formulated in the short note [5] without proof. We give a
proof here for the sake of completeness.

(a) = (b) Since F has the (PC)-property it follows [8] that there is a compact
Gs-embedding T : E' — ly. We take I' = T*ly. Then T is separable. By [4] (see
Theorem 2.2, (a)< (b)), there exists a T-RBCBS e7 on E.

We define a Wr-RBCBS as follows. Let x € Sg. Since T*Bx+ is compact
there is a finite e7({z})/2-net {f}}}, in T*Bx+. Define

Wr({z}) ={y € B : [fi )| <er({z})/2, i=1,...,m}.

It is easily seen that for any y € Wr({z}), we have ||Ty| < er({z}).
Now let 21,22 € Sg. By the compactness of T*Bx« there is a e ({z1, 22})/2-
net {f?}12, in T*Bx-«. Define

Wr({z1,22}) ={y € Be : [f7 ()| <er({z1,22})/2, i =1,...,n2}.

The same argument as above shows that if y € Wr({z1, z2}), then ||Ty| <

ET({ﬂUl, 302})
Continuing, we get the desired regulator Wr.
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(b) = (a) Let I' C E* be a separable subspace and Wr be a RBCBS. It is
easily seen that I' is total. Let K C I' be a norm-compact convex symmetric
subset such that cl spanK = I'. Without loss of generality we can assume that
for {z;}T C Sg, there exists ¢ = ¢({z;}?) such that

WF({l‘i}?:l) = {.I' € Bg : |fJ(l‘)| <eg, fj S K, j =1,... ,m}, {l‘i}?zl C Sg.
Next define a new norm on the space E as follows
|[[#]|] = max{|g(z)| : g € K}.

Let X be the completion of the space E with norm ||| |||, and T: E — X be a
natural (one-to-one) embedding. Clearly, T*(Bx~) = K. Now we define a map
er({x;}?_,) = &, where € has come from (6). It is not difficult to see that ep
is a T-RBCBS. By [4] (see Theorem 2.2, (b) < (a)) we conclude that T is a
Gs-embedding. Therefore, E admits a compact Gs-embedding. By [8] E has
the (PC)-property.

The equivalence of (b) and (c) follows from Proposition 2.3.

(b) = (d) follows from Lemma 2.1.

(d) =(a) We start as in the beginning of the proof of (b) = (a), and con-
struct the space X and the compact one-to-one operator T : E — X such that
clspanT*(X*) =T, (the condition (d) guarantees the totality of T"). Form (d)
it follows that any T-null tree has a branch which is BCBS. By Theorem 2.2,
(¢) = (a), we get that T is a Gs-embedding. By the result from [8] mentioned
in the introduction we conclude that E has the (PC)-property. |

Let (Xk)x>1 be a CMD for a Banach space X. (X)r>1 is said to be shrink-
ing if for every f € X*, lim, || fl(x,],-..0/l = 0. By [19, Theorem 4.1], X has
a shrinking SBFDD if and only if X * s separable. Also, it was shown in [19]
that a SBFDD, which is skipped-shrinking, meaning that every skipped block
sequence generates a shrinking basic sequence, is in fact, a shrinking SBFDD.

COROLLARY 3.4: Let E* be separable. The following assertions are equivalent.
(a) E has the (PC)-property.

(b) E has a w-RBCBS.

(¢) E has a w-regulator for shrinking boundedly complete basic sequences.
(d) E has a shrinking BCSBFDD (Xj)g>1-

(e) E has property (t).
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Proof. Taking I' = X*, in Theorem 3.3, (a) =(b) follows.

(b) =(c) Let W be a w-RBCBS. We define a regulator W; for boundedly
complete shrinking basic sequences.

Let (f,) be a dense sequence in Sg+. Take e, | 0. Define W7 : ¥ — B
as Wi{z1,@2,...,zn}) = W{z1,22,.. ., }) NV, fo o p0(En). If (2n) € SE
satisfies @41 € Wi({{z1,22,...,2,}) then x,11 € W({z1,29,...,2,}) and
hence it is BCBS. Also zp+1 € V}, 15,7, (€n). By the density of (f,,) it follows
that for every f € E*, ||f|l(z,)u5,,, — 0. Thus (z,) is shrinking.

(c¢) =(d) By Proposition 2.3 it follows that E has a skipped shrinking BCS-
BFDD (Xj)r>1, that is, every skipped block sequence of (X)r>1 generates a
shrinking and BCBS. It was noted in [19] that an SBFDD, which is skipped-
shrinking, is in fact, a shrinking SBFDD.

(d) =(e) follows from Lemma 2.1; (¢) =-(a) follows from Theorem 3.3. |

Remark 3.5: By [3, 19] the Banach spaces with the (PC)-property and separable
dual form the class of Banach spaces such that the unit ball is Polish in the
weak topology. Thus Corollary 3.4 gives a tree characterization of this class of
Banach spaces among the spaces with separable dual.

4. Property (s) and (s*)

In this section we prove that the properties (¢) and (t*) are indeed stronger than

properties (s) and (s*) and the tree hypothesis in Theorem 2.2, Theorem 3.2,

and Corollary 3.4 cannot be in general weakened to the sequence hypothesis.
We start with general results which we then apply to the space JT.

THEOREM 4.1: Let X be a separable Banach space satisfying the following
conditions:
(a) X has the (PC)-property.
(b) X* is separable.
(c) X**/X is reflexive.
Then X** has property (s*).

The proof of the following lemma follows from a standard argument.

LEMMA 4.2: Let L be a Banach space and E C L such that E = [Xj],>1 where
(X)) is a CMD of E with dim X}, < oo, k > 1 and let q be the quotient map
from L to L/E. Let'Y be a finite dimensional subspace of L. For each n, let
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Zn C E be the finite dimensional subspace defined by Z, = [X]}'_,. Then
given any 0 < € < 1, there exists an integer s such that for any y € Y, one can
find m € Z, satisfying

ly +ml < (1 +e)llgyll +&llyll-

Proof of Theorem 4.1: Let (y,) C Sx+- be w*-null. We need to find a subse-
quence of (y,,) which is BCBS.

Denote by ¢ the quotient map from X** to X**/X. We will choose the
required subsequence of (y,) in the following two steps.

STEP 1: We choose a subsequence (yy, ) of (y,) to satisfy the following property

(¥) Let v; > 0, 7; | be such that >+, converges. Let (a;) be a bounded
sequence of reals. Suppose for € > 0 and C > 0 we have 2, =
Z?:"npilﬂ a;yk, satisfies, for all p, C' > ||zp]| > € and ||gz| < 7277,
Then there exists d > 1 such that {z,}72; is a BCBS.

Since X has the (PC)-property it follows by Theorem 3.3, that there exists a
boundedly complete SBFDD (X;) for X. Let us denote Nj, = [Xi]#kl. Then
each N is a finite dimensional subspace of X* and so is F),, = [Nk]}g:l. Note
that F,] = [X;]32,,,. We take Z, = [Xp]7_;.

By repeated use of Lemma 4.2 we find a subsequence (yy,) and two strictly
increasing sequences (s,), (t,) of natural numbers satisfying the following con-

ditions:
(6) ||ykn|Ftn+1 H <27
ifyeY,=[yr, -,y there exists m € Z,, such that
ly +mll < (1 +)llgyll + wllyll;
(8) for each m € Z,, there exists m € [Xj]i;lJr2 such that

[lm 4+ m|| < (14 7, )dist(m, [Xj]?§71+2) + Ypllm|l.

Since z, € Y,,, by (7) there exists m, € Z;, such that [z, + myl <
(1 4+ v )llazpll + vn, l|l2pll. Since [|qzp|| < 7,27P, we can find p large enough
such that

9) 2p + mpll < p-
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By (6), for each r, ||y, | <27(w—atm)y, L. Hence,

p71+T|P}np71+l|

Ty

leplr, 1< D0 lailll,

i:np,1+1

F}np71+1”'

Since (a;) is bounded, choosing p large enough, we can have ||zp|r, I <vp.

p—1t1

By (9), it follows that [|mp|r,, || < 27,. This implies
Np—1 1

dist(my, [Xj];.itnp71+2) < 29

tn,

We now choose, by (8), m, € [X;] _,+2 such that

i:tnp
[l + 110 || < (L + 7y, )dist(mp, [XG157 L) + Y, [Imp|
< 2(1 + 'Vnp)'Y;v + Y, (C + 'Yp) < (C + 5)'71)-

Clearly, (m,) is a skipped block sequence of (X;) and thus a BCBS. Since ) v,
converges, there exists ¢ such that (m,),>; is a BCBS. But ||z, +m,| <, and
hence there exists d such that (zp)p>q4 is a BCBS.

STEP 2: Let (y,) be the subsequence obtained from Step 1. To simplify nota-
tion, we denote this subsequence by (yx). Let us observe that () holds for any
subsequence of (yx) (by putting some a; = 0, if necessary).

Recall that (yx) is a normalized w*-null sequence in X**. By a well-known
result we can choose a subsequence, call it (yx) again, such that (yi) is basic,
with basic constant C.

The following two cases can occur.

CASE 1: Suppose for some subsequence (Y., ), ||quk,,|| — 0. Since X is a sepa-
rable Banach space with the (PC)-property, it follows from [8] (see Theorem 3.3)
that (yx,, ) has subsequence which is a BCBS.

CASE 2: infy ||qyk|| > «. Without loss of generality and passing to a subse-
quence if necessary, we assume that there exists h € X+, ||h|| = 1 and some
a > 0 such that |h(yx) — o < 27%. Since X**/X is reflexive, it follows that
for some subsequence, which we denote by (yx) again, there exists z € X**
Qyk — qz.

Suppose (ay) is such that sup, || ) arykl]| < M for some M. Then
sup,, [h(3-7 akyr)| < M and since |h(yx) —a| < 27F, we get sup,, | >} ax| < 0.
Hence there exists (ny) such that Y |"* ay converges, to say, a.
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We consider the following two cases.
Caske (a): [lqyx —qz[ — 0.

In this case, it is straightforward to observe that > 1* axqyr — qu for some
u e X**.

CaSE (b): |lqyx — qz|| > € for some & > 0. Since X**/X is reflexive, we assume
without loss of generality that (¢(yx — 2)) is a BCBS.

Writing >~ 7% | arque = Y ntq arq(ye —2)+ Ok, ax)gz and using the bound-
ed completeness of (q(y, — 2)), it follows that > " | arqyr converges.

Thus in both cases, we obtain, for some suitable subsequence of (yg), that
there exists (ng) such that > '* | apqyi converges, whenever

n

sup || > aryi| < 0.
1
We claim (y;) is a BCBS.

To show this, observe that, since (yy) is basic, it is enough to show that there
exists (ng) such that > %, a;y; converges whenever sup,, || > a;y:|| < M for
some M. Thus assume on the contrary, that Z?:’“l a;y; does not converge for
any sequence (ng). Note that by the consideration above, there exists (ny)
such that > 1% a,q(y;) converges. Let v, > 0 be such that Y v, < co. Then

. Mkpi1
there exists ¢ > 0 and a subsequence (ny,) such that || >, "} a;y;|| > ¢ but
P

n

n . .
Hq(zniﬁrﬁ a;y;)|| <7p27P. Observe that || Zni?ﬁl a;yi|| < 2M. Since (yx) is a
basic sequence with basis constant C1, it follows that |a;| < 4MC; and hence
is bounded.

. Nhpiq . .

Taking z, = anp+1 a;y; and C' = 2M, it follows from (x) that there exists
d such that (z),>q is a BCBS. However sup,, || 37 _; 2p[| < 2M. Thus 3 -,z
converges. This contradicts ||z,|| > e.

The proof is complete. |

Example 4.3: Consider the James tree space JT'. It is a separable dual space
with non-separable dual JT*. Denoting the pre-dual of JT by B it is known
that B has the (PC)-property (see [1]and [3]), and JT™*/B is isomorphic to ¢2(T)
for some uncountable set T' (see [16]). It follows from Theorem 4.1 that JT*
has property (s*). Therefore the space JT* shows that the property (s*) is not
enough for a dual space to be separable. Next let A : ls — JT be a one-to-one
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linear compact operator with dense range. Put Ty = A* : JT* — 5. Since JT™*
is not separable it follows from Proposition 3.1 that 73 is not a Gs-embedding.
Since the notion of Gs-embedding is separably defined, it follows that there is
a separable subspace E C JT* such that the restriction T' = T3 |g is not a G-
embedding. However, by using the (s*) property of JT* it is easy to see that
any sequence {z,} C Sg with lim, Tx, = 0 contains a subsequence which is
BCBS. This shows that the tree hypothesis in Theorem 2.2 cannot be weakened
to the sequence hypothesis.

Example 4.4: An example of a separable Banach space E with separable dual
such that F fails the (PC)-property but has property (s) is the space B
constructed in [8]. It is known that JT,, = BX is separable and B, fails the
(PC)-property (see [10, 11]). In the following proposition we prove B, has

property (s).
PROPOSITION 4.5: Bo, has property (s).

Proof. We will use the following properties of the space Bo, (see [8, 9] for
details).
There exists a sequence of Banach spaces (X}, ), each isometric to ¢2 such that

(i) (Xk) is a (complemented) Schauder decomposition of Bs.
(ii) (Xj) is a BCSBD of Bo.

Let P, : X — ZZZI @ X, denote the projection on the first n components of
> kg ®Xp. Since (Xj) is a Schauder decomposition, we have sup,, | P,| < ¢
for some ¢ > 0.

Let (z;) € Sp. be a w-null sequence. For each n, we have (P,z;);>1 is
weakly null. We consider the following two cases.

CASE 1: For infinitely many n, lim; || P,;|| = 0. Choose n; and i; such that
| Poyiy || < ¢'472. We can write z;, = s1 +t1 where s1 € [X;]7L, and t; €
[(Xk)2 410 Isill = llzi, — 1]l < ¢7'472. There exists my and y1 € [Xg|}2, oy
such that [[t; — y1|| < ¢7'471. Note that ||a;, — 31| < ¢ 1471,

Choose ny > m1 + 1 and iy such that ||Py,zi,| < ¢ 1473, We can write
Ty, = So +ta where so € [Xg|;2, and to € [Xp]p2, o, [[s2]l = lJzs, — t2| <
¢~ 1473, There exists mg and yp € [X3]2, ., such that [[to — ya < 71472
Thus ||2;, — ye| < c71472
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Continuing, we obtain a subsequence (v;,) of (z;) and yx € [Xy]j2, .1,
nk +1 < my < ngyq such that Y007 |2, — yell < 1/2¢. (yx) is a skipped block
sequence of (X%), and hence it is a BCBS. By stability (z;, ) is a BCBS.

CASE 2: There exists m such that for all n > m, liminf; || P,;|| > 0 for some
d. Without loss of generality, we assume for all n, lim; || P,2;|| > 6.

Since the range of each P, is f5, by a standard diagonal argument we can
find a subsequence of (z;), which we denote by (z;) again, such that for each n,
(Pnx;)/||Pazi|| is ¢1 equivalent to the unit vector basis of £a.

We claim that (z;) is BCBS. Otherwise, there exists a sequence (a;) such that
sup,, || >oit, a;x;|| < oo but Y a;z; does not converge. Note that for each n,
sup,, || >oit, a; Py, < oo and hence Y a; P,x; converges. Thus Y, |a;|* con-
verges.

Since ) a;x; does not converge, there exist an increasing sequence (n,) and
€ > 0 such that

Mp
Z a;xil| > e
np—1+1
but
p 1/2
( > |ai|2) < K47P

where k = 1/(ccy).

_ np . .
Let zp—1 = 3,0, 41 @i

We have
no n2

Pix;

1Pz = || Y aiPraif| < || Y aiip—
ni+1 ni+1 ”I) ZH
n2 1/2
S CCl< Z |ai|2) S 4_1.
ni+1

Thus there exists uq,v; such that z; = u; + v1 where uy € X; and v; €
[Xk]k>2 with [Jug]] <471

We can find /; and %; such that y; € [Xk]Q:Q and ||v; —y1]] < 471 Note that
[z =l <274

Consider P, 2. Similar to above we have,

n3 1/2
1Pl < cor (D fa) <47

nao+1
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We find us,v2,y2 and a number Iy such that zo = us + v, us € [Xk]ﬁcff,
Juz| <472 and y2 € [X3]i2;, 5. We again have |22 — yaf| < 272

Continuing, we obtain a sequence of increasing integers I, and vectors y, €
[Xk]éz,ﬁ?, such that ||z, — yp|| < 27P. But (y,) is a skipped block sequence of
(X&) and, hence by (ii) is a BCBS. Thus there exists a d > 1 such that (2p)p>q is
a BCBS as well. Since for any k, supy, || ZZ;Z zp|| < oo it follows that > _; zp
converges. This contradicts that ||z,|| > ¢ and the proof is complete. |
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tions which improved the presentation of the materials in this paper.

ADDED IN PROOF. Professor Rosenthal pointed out to us that he had observed
before that in a Banach space with (PC)-property any semi-normalized basic
sequence has a subsequence which is Boundedly complete. However, this was
not published until recently in H. Rosenthal, Boundedly complete weak-Cauchy
basic sequences in Banach space with the PCP, J. Func. Anal. 253 (2007), no. 2,
772-781. (See corollary 4 there). Since (PC)-prpoperty is a 3-space property,
(see [19]) our Theorem 4.1 follows as a special case of his result.
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